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'O ! Abstract 

t^ . In this paper we refine a version of bivariant A'-tlreory developed by Cuntz 

to define symmetric spectra representing the KK-theoiy of C*-categories and 
discrete groupoid C*-algebras. In both cases, the Kasparov product can be 
expressed as a smash product of spectra. 

1 Introduction 

In [3], J. Cuntz developed KK-theory for locally convex algebras in order to 
look at versions of the Chern character for bivariant theories. This approach, 
using the thesis of A.B.Thom, was simplified in [2]. In an unpublished preprint, 
M.Joachim and S.Stolz have used Cuntz's approach to i^Tif -theory to define 
symmetric KK-theory spectra for C*-algebras. 



The purpose of this article is to go in a sUghtly different direction with the 
KK-theory machinery by looking at the T^iiT-theory of C*-categories and of 
discrete groupoid C*-algebras. In both of these cases, the theory can naturally 
be expressed in terms of symmetric spectra, and the Kasparov product can be 
reahsed at the level of spectra. 

Thus, for C*-categories A and B (or as a special case C*-algebras), we have a 
symmetric spectrum KK(^, B) representing KK-theovy. If we are working over 
the complex numbers, this spectrum is a symmetric KK(C, C)-module spectrum. 
Over the real numbers, we have a K]K(M, M)-module spectrum. In the special 
case that A — B, the spectrum KK(^, A) is a symmetric ring spectrum. 

Similar results hold in the equivariant case. To be precise, if t/ is a discrete 
groupoid (or as a special case, a discrete group), and A and B are 5-C*-algebras, 
then we have a symmetric spectrum KKg (A, B) representing equivariant KK- 
theory. This spectrum is a symmetric K]Kg(C, C)-module spectrum in the com- 
plex case, and a symmetric KKe(ffi,M)-module spectrum in the real case. The 
spectrum KKg (A, A) is a symmetric ring spectrum. 

There are a several potential applications of the new machinery. The con- 
structions in this article are both simpler and have more structure than the 
KK-theory spectra constructed in [TSIITB], where i^K-theory spectra for C*- 
categories are developed in order to examine analytic assembly maps. The 
extra structure present should be useful when homotopy-theoretic arguments 
involving iiT i^T-theory are applied, for example (see [T7]) in the proof that the 
Baum-Connes conjecture implies the stable Gromov-Lawson- Rosenberg conjec- 
ture. 

2 C*-categories 

Let F denote either the field of real numbers or the field of complex numbers. 
Recall (see for example [12j ) that a small category A is called an unital algebroid 
(over the field F) if each morphism set Hom{a, 6)^ is a vector space over the 
field F and composition of morphisms is bilinear. 

An involution on a unital algebroid A is a collection of maps 

Hon2{a, b)j{ —> Hom{b, a)j{ 

written x i— > x* such that: 



• 



• 



• 



{ax + Py)* = ax* + fiy* for all scalars a,/3 G F and morphisms x,y G 
Hora{a, 6)^. 

{xy)* = y*x* for all composable morphisms x and y. 

(x*)* — X for every morphism x. 



Given unital algebroids with involution, A and B, we call a functor F: A ^ B 
a *-functor if each map F: Hom{a,b)^ —> Hom{F{a), Fib))^ is linear, and 
F(x*) = F(x)* for each morphism x in the category A. 



A non-unital algebroid with involution is a collection of objects, morphisms, 
and maps similar to the above, except that there need not exist identity mor- 
phisms 1 e Hom{a,a)j\^. Thus, a non-unital algebroid with involution is no 
longer a category, but rather a slightly more general object which could be 
termed a non-unital category. We can similarly define *-functors between non- 
unital algebroids with involution. 

In general, when we talk about *-algebroids and ^-functors, we need to allow 
the possibility that they may be non-unital. 

Definition 2.1 Let A be an algebroid with involution. Then we call A a pre- 
C* -category if each morphism set is a normed vector space and the following 
three axioms hold: 

• Let X and y be composable morphisms in A. Then ||a;y|| < ||a;|| ||2/||. 

• Let X e Hom{a,b)_^. Then the product x*x is a positive element of the 
algebra Hom{a, a)^|l| 

• The C* -identity ||a:^*a::|| = ||a;|p holds for any morphism, x, in the category 
A. 

A collection of norms on the morphism sets of an algebroid with involution 
that turns it into a pre-C*-category is called a C*-norm. There is a correspond- 
ing definition of a C* -seminorm. A pre-C*-category is called a C* -category if 
every morphism set is complete. 

In the above definition, a pre-C*-category or C*-category could be non- 
unital (and thus no longer, strictly speaking, a category). Such C*-categories 
are referred to in [10] as C* -categeroids; we will not use this terminology here. 

A C*-algebra can be regarded as a C*-category with only one object. Con- 
versely, C*-categories and ^-functors have a number of useful properties similar 
to those of C*-algebras and *-homomorphisms. For example, we have the fol- 
lowing. 

Proposition 2.2 Let A and B be C* -categories. Let F: A ^ B be a ^-functor. 
Then: 

• Each map F: Hom{a,b)^ -^ Hom{F{a), F(b))i3 is norm- decreasing. 

• Each map F: Hom{a,b)A ^ Hom{F(a), F{b))i3 has closed image. 

• Suppose that the ^-functor F is faithful. Then each map F: Hom{a,b)^ -^ 
Hom{F(a), F{b))]3 is an isometry. 

D 

Perhaps the most important elementary result on C*-categories is the fol- 
lowing; see [5] or [II] for further details. 



^That is to say the spectrum is a subset of the positive real numbers. 



Theorem 2.3 Let A be a C* -category. Let C he the C* -category of all Hilbert 
spaces and bounded linear mapslQ Then there exists a faithful * -functor p: A ^ 

C. a 

A *-functor p:A^Cis called a representation of A. We write C{Hi,H2) 
to denote the Banach space of all bounded linear maps from a Hilbert space Hi 
to a Hilbert space H2. 

Although most of the time, we will be looking at ^-functors between C*- 
categories, occasionally we need a slightly weaker notion. 

Definition 2.4 Let A and B be C*-categories. Then a completely positive map 
q: A -^ B consists of a map q: Ob{A) -^ Ob{B) along with a collection of linear 
maps q: Hom(a, b)j( —> Hom{q{a), q{b))g such that the sum 

n 

Yl vU{x*Xj)yj 

is a positive element of the C*-algebra H om{q{a) , q{a)) ^ for all morphisms 
Xi G Hom(h,c)j( and yj G Hom(q(a),q{b))s- 

Any *-functor is clearly a completely positive map. However, in general, a 
completely positive map is not even a functor. 

We have a version of Stinespring's theorem (see for example chapter 3 of [7]) 
in the world of C*-categories. 

Theorem 2.5 Let A be a unital C* -category, and for each object a G Ob{A), 
let Ha be an associated Hilbert space. 

Then a set of unit-preserving linear maps q:Hom(a,b)j( -^ C{Ha,Hii) is 
completely positive if and only if we have: 

• A unital representation p: A ^ C. 

• A Hilbert space isometry Va'. Ha -^ p{a) for each object a G Ob{A). 
such that q{x) = Vj^ p{x)Va for all x G Hom{a, fe)^. 

Proof: Suppose we have a representation p and isometrics Va as described 
above. Let Xi G Hom(b,c)j\, and yj G C{Ha, Hi,). Then 

n /^ \*/^^ \ 

Yl y*ii^*i^j)yj = Y ^^^bVt 1 ( Y ^i^bVt j 

so the set of maps q forms a completely positive map. 



^Strictly speaking, the category C is not a C* -category since it is not small. This problem 
does not matter to us since we will not be doing constructions directly involving the category 
C\ we can always pick a small full subcategory. 



Conversely, let q be completely positive. On the algebraic tensor product 
of vector spaces ®aeOb{A) Hom{a,b)j\^ Hf,, define a sesquilinear form by the 
formula 

m n 7n.n 

1=1 j=i jj=i 

Since q is completely positive, the above sesquilinear form is positive definite. 
We can therefore take the quotient by the set of tensors r] such that (77,77) =0 
to form an inner product space, and complete to form a Hilbert space Ha- Let 
us write [x ® v] to denote the equivalence class in this space of a tensor x (X) w. 

Define a representation p: A ~> C hy writing p{a) = Ha for each object 
a e Ob{A), and 

p{x) [y 1^ v] — [xy ® v] 

where x £ Hora{b,c)j,, y £ Hom(a,b)j,, and v S Hjj. 

Define a Hilbert space isometry Vf,: iJf, -^ Hb by the formula Vb{v) = [lb®v]. 
Observe that, for x G Hom{a, 6)^ and v G Ha, we have 

p{x)Va{v) = [x(giv] 

and, for w G Hb: 

(w, q{x)v) ~ {[x (g) v], [1 (g) w]) 

Hence V^*[x (g) w] = q{x)v. We see that 

^;p(a^)K = g(x) 

and we are done. □ 



3 Short Exact Sequences and Tensor Products 

Definition 3.1 A sequence 

of C*-categories and *-functors is termed a short exact sequence if: 

• The categories T, £, and B have the same set of objects, and the functors 
i and j act as the identity map on the set of objects. 

• Each sequence of vector spaces 

-^ Hom{a, b)j -^ Hom{a, b)^ -^ Hom{a, 6)5 -^ 
is a short exact sequence. 



We will generally write 

when we have a short exact seqence. A short exact sequence is termed split 
exact if it comes equipped with a *-functor s:B^£ such that j o s = Ig. We 
term the short exact sequence semi-split if there is a norm-decreasing completely 
positive map q:A—^B such that q o s = lHom(a.b)B ■ 

The above ^-functor or completely positive map s: B —* £ is called a splitting 
in the first case, and a completely positive splitting in the second case. 

Definition 3.2 Let ^ be a C*-category. Then we define the category ^[0, 1] 
to be the C*-category with the same set of objects as A, where the morphism 
set Hom{a,b)j^[Qi] consists of all continuous functions /: [0, 1] -^ Hom{a,b)j\. 
The norm on the space Hom{a, &)^[o,i] is the supremum norm. 

We define the cone, CA, to be the subcategory of ^[0, 1] with the same set 
of objects, and morphism sets 

Hom{a,b)cA = {.f e ^om(a, 6)^(04] | /(O) = 0} 

The suspension, T,A is the subcategory of CA with the same set of objects, 
and morphism sets 

Hom{a, b)^A = {.f e Hom{a, b)cA I .f (1) = 0} 

We have a canonical inclusion *-functor i: HA -^ CA. There is also a *- 
functor j: CA -^ A, defined to be the identity on the set of objects, and by the 
formula j{f) = /(I) for each morphism / S Hom{a,b)cA- It is easy to check 
that we have a short exact sequence 

O^HA^CA^A^O 

The above short exact sequence is semi-split; we have a completely positive 
splitting s:A^ CA, defined to be the identity the set of objects, and by the 
formula 

s{x){t) = tx t e [0, 1], a; G Hom{a, b)^ 

Further, the above semi-split short exact sequence is natural in the sense that 
the assignments A f-> CA and A ^^ T,A are *-functors depending functorially 
on the C*-catcgory A, and the maps i, j, and s arc natural transformations. 
Given a *-functor a: A ^f B, we write Ea: Y,A —> T,B to denote the induced 
*-functor. 

Definition 3.3 Let A and B be C*-categories. Then we define the algebraic 
tensor product ^ i3 to be the category with the set of objects 

Ob{A QB)^{a(g)b\ae Ob{A),b e Ob{B)} 

where the morphism set Hom{a®b, a' ®b')AQB is a the algebraic tensor product 
of vector spaces Hom{a, b)^ Hom{a' , b')ts- 



By theorem 12. 3[ we can find faithful *-functors PA--^ ^^ ^ and ps'-A -^ 
C By considering the tensor product of Hilbert spaces, we obtain a *-functor 
Pa '^ PB- ■A G i3 ^ ^- We define the spatial tensor product, A(>^ B, of the C*- 
categories A and B to be the completion of the algebraic tensor product with 
respect to the norm ||u|| := \\pA® Pb{,'u)\\. 

The spatial tensor product is well-defined, and does not depend on the choice 
of faithful representation; for more details, see [M]. 

For any C*-category A, the tensor product C[0, 1](S'A is naturally isomorphic 
to the category ^[0, 1]. The proof is the same as that of the corresponding result 
for C*-algebra4j; see for example appendix T of 18J. The following result for 
cones and suspensions follows. 

Proposition 3.4 Let A and B be C* -categories. Then we have natural isomor- 
phisms 

C{A (SB)^A(g)CB = (CA) ® B 

and 

T.{A «) B) ^ .A «) SB ^ (SA) ® B 

a 

Lemma 3.5 Let q: A —>^ B be a completely positive map, and let C be a C* - 
category. Then the obvious map 

q®l:A®C ^B®C 

is completely positive. 

Proof: By choosing representations and adjoining units if necessary, we can 
assume that B and C are unital subcategories of C, and the completely positive 
map q is unit-preserving. 

Let a £ Ob{A), and write q{a) = Ha. Then by Stinespring's theorem, we 
have a unital ^-functor p:A^f C, and Hilbert space isometrics Va'.Ha — * p{a) 
such that 

q{x) = V:,p{x)Va 

for all X S Hom{a, a') a. 

Consider a Hilbert space He G Ob{C). Then we have a unital =i=-functor 
p:C ^ C defined by writing 

p(a (SHc) ae Ob{A), He G Ob{C) 

and 

p{x 'S> y) — p{x) €5 y x e Hom{a, a')A, y G Hom{Hc, Hc')c 

Define isometries T4®_f/<, : Ha ® Hc^ p{a) ® He by the formula 

Va(SH, {V(^w) = Va{v) (g) W 



•^The proof works for any sensible tensor product of C*-algebras since the C*-algebra C[0, 1] 
is commutative and therefore nuclear. 



Then we have, for x G Hom{a, a')^ and y £ Hom{Hc, Hc')c 

K'tg,H^,Pix ® y)ya®H^ = q{x) ® y 

Therefore, by Stinespring's theorem, the coUection g ® 1 is a completely 
positive map, as required. □ 

Note that the above proof relies on the fact that we are using the spatial 
tensor product. 

Theorem 3.6 Let 

be a semi-split exact sequence. Let C be any C* -category. Then we have a 
semi-split exact sequence 

Proof: Let q:B -^ £ he a. completely positive map such that j oq = Ig. Then 
by the above lemma, we have a completely positive map q(®l: B^C^E^C 
such that (j (g) l)(g (g) 1) = li?(»c- 

The map i (g 1 is certainly injective, and by the above, the map j ® 1 is 
surjective. We know that imi — ker j. Hence ij = 0, and {i ® l){j ® 1) = 0. It 
follows that im{i ig) 1) C ker(j 1). 

Again using the fact that imi — ker j, we see that each morphism set of the 
image im{i (g) 1) is a dense subset of the corresponding morphism set of the C*- 
category ker(j(8)l). But i(g)l is a *-functor, so by proposition l2.2[ each morphism 
set of the image im{i (g) 1) is closed. It follows that im{i (g) 1) = ker(j (g) 1), and 
the sequence 

0-^I®C"^^£&)C^^^B(E)C->0 

is exact. The equation {j g) l)(g g) 1) = 1b®c now tells us that the above short 
exact sequence is semi-split, as required. □ 



Definition 3.7 Let .4 be a C*-category. Given objects a,b E Ob{A}, let us 
define 

Hom{a,b)jj = ^R Hom{a,ci) Q Honi{ci,C2) Q ■ ■ ■ (ii) Honi{ck,b) 

c,eOb{A) 

The tensor algebroid, Taig»4, is the algebroid with the same set of objects as 
the C*-category A and morphism sets 



Hom{a, b)T^^^A = ^ Hom{a, b) 



0/c 
k=l 



Here the the space Hom{a,b)^ is simply the morphism set Hom{a,b)_A- 
Composition of morphisms in the tensor algebroid is defined by concatenation 
of tensors. 



We have a canonical set of linear maps a:A^ T^igA defined by mapping 
each morphism set of the category A onto the first summand. This collection of 
linear maps is not compatible with the composition defined in the two categories, 
and so does not define a functor. The following result is easy to check. 

Proposition 3.8 The tensor algebroid, Taig^, can be equipped with a C* -norm 
given by defining the norm, \\u\\, of a morphism u in the tensor algebroid to be 
the supremum of all values p((p{u)) where (p:Tg,igA -^ B is a *-functor into a 
C* -category B such that the composition (poa: A ^ B is completely positive and 
norm- decreasing, and p is a C* -seminorm on the C* -category B. □ 

We define the tensor C* -category, TA, to be the completion of the tensor 
algebroid T^i^A with respect to the above norm. Formation of the tensor C*- 
category defines a functor from the category of C* -categories and *-functors to 
itself. 

We have a natural ^-functor tt: TA -^ A defined to be the identity on the 
set of objects, and by the formula 

(p{xi ® ■ ■ ■ ® Xn) = 2;„ . . . Xi 

for morphisms Xi G Hom{ci,Ci+i). It follows that there is a C*-category JA 
with the same objects as the category A, and morphism sets 

Hom{a, b)jj( ~ kerTr: Hom{a, b)TA ~^ Hom(a, b)^ 

This category fits into a natural short exact sequence 

0-^ JA^TA^A^O 

Given a *-functor a:A^B, we write Ja: J A —> JB to denote the induced 
*-functor. 

Proposition 3.9 The above short exact sequence has a completely positive 
splitting a: A —^ TA defined by mapping each morphism set of the category 
A onto the first summand. 

Proof: It is obvious that cr o tt = 1^, and that the map a is compatible with 
the involution. The result now follows by the C*-category axiom that says that 
the product x*x is positive for any morphism a; in a C*-category. □ 



The following now follows from theorem 13.61 

Corollary 3.10 Let A andC be C* -categories. Then we have a semi-split exact 
sequence 



-> {J A) ®C^ {TA) ^C""^^ A®C^Q 



u 



We refer to the following result as the universal property of the tensor C*- 
category. 

Proposition 3.11 Let a: A ^ B be a norm- decreasing collection of completely 
positive linear maps between C* -categories. Then there is a unique ^-functor 
if: TA — > B such that a = ip o a. 

Proof: We can define a *-functor (/j: Taig^ — *■ ;B by writing (/5(a) — a{a) for 
each object a e Ob{A), and 

(/9(xi ® ■ ■ ■ ® Xn) = Ot{Xn) ■ ■ ■ Ol{xi) 

for morphisms Xi G Hom{Ci,Ci+i). It is easy to see that (p is the unique 
*-functor with the property that a — ip o a. 

By definition of the norm on the tensor algebroid, T^^igA, the *-functor ip 
is norm-decreasing on each niorphism set in the tensor algebroid, and therefore 
extends to a *-functor ip: TA -^ B hy continuity. □ 



Proposition 3.12 Let 

be a semi-split short exact sequence of C* -categories. Let a: A ^ B be a *- 
functor. Then there are ^-functors t:TA — > £ and "f.JA — > I such that we 
have a commutative diagram 

- 

- 

Proof: Let s: i3 — > 5 be a completely positive splitting. 

Then by the universal property of the tensor C*-category we have a unique 
*-functor r: TA — > £ such that so a — t oa. It follows that the homomorphism 
r fits into the above diagram. The homomorphism 7 is defined by restriction of 

T. □ 



Definition 3.13 The homomorphism 7 is called the classifying map of the 
diagram 

A 

I 
O^I^£^B^O 

4 C*-algebras associated to C*-categories 

In [9], Joachim defined the iiT-theory spectrum of a C*-category by associating 
a certain C*-algebra to a C*-category and then defining the i<'-theory of the 
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JA - 


^ TA - 


-^ A - 


^ 


i 


i 


i 




I - 


^ £ - 


^ B - 


^ 



C*-category to be the ii'-theory of the associated C*-algebra. In this section, we 
make a similar construction in order to look at iiTi^-theory spectra. However, 
our C*-algebra will be based on constructions of iC-theory spectra in [13] rather 
than on Joachim's C*-algebra. 

Definition 4.1 Let ^ be a C*-category. Then we define the additive comple- 
tion, At^ , to be the algebroid in which the objects are formal sums oi © ■ • ■ ® a™ , 
where Oj G Ob(A). For natural numbers m,n S N, the morphism set 
Hom{ai © • • • ® flm, 61 • • • ® 6„) is the set of matrices 



Xl 1 ■ • ■ Xi: 



■^n,l 



Xi^j G Hom{aj,bi)A 



Composition of matrices is defined by matrix multiplication. The involution 
is defined by the formula 

2^1,1 • • • Xi^„ 

Given objects a = ai • • • ® am and 6 = 61 © • • • © 6„, we define 

a ® 5 = oi © • ■ • © Om ® 61 © ■ • ■ © 6„ 

As a special case, we define to be the formal sum of no objects. We have 
morphism sets iJo?n(0, a)^^ — {0} and 7?07Ti(a, 0)_4^ = {0} for each object 
a G Ob{A(s). 

It is clear that the additive completion of a C*-category is an additive cat- 
egory. Given a *-functor a: A ^ B where the C*-category B is additive, there 
is an obvious induced additive functor a'.Ai^ -^ B. In particular, given a 
faithful representation p: A —>■ C, there is an induced faithful representation 

We can define a C*-norm on the category Aq by deeming the induced rep- 
resentation pq to be an isometry. The category .A is a C* -category with respect 
to this norm. Further, the norm does not depend on the representation p. Thus 
the additive completion is a functor from the category of C*-categories and 
*-functors to the category of additive C*-categories and additive *-functors. 

Further details of this construction and proofs of the above statements can 
by found in [13]. The following result is easy to check. 

Proposition 4.2 Let A be a C* -category. Then we have natural isomorphisms 

(EA)e = S(A®) (JA)e = J{A^) (CA)e = C{Aq) 

a 
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Given a C*-category A, we would like to define an associated C*-algebra 
that, roughly speaking, carries the same information as the C*-category A. 
The naive way to do this is to simply form the completion of the union 

[J Hom{ai © ■ • ■ © a„, oi © • ■ • © an)A(f, 

ai^Ob{A 

with respect to the inclusions 

Hom{a ®c,a® c)a^ —^ Hom{a ©6©c, a©6© c)^^ 





\ 




1 w 





X 


w 


X 


\ 












^ 











y 


z 


/ 


V y 





z 



Unfortunately, this construction is not functorial. We can, however, replace it 
by an equivalent functorial construction. 

Definition 4.3 Let y^ be a C*-category. Then we define Oa to be the category 
in which the objects are all compositions of inclusions of the above form. 

A morphism set between two inclusions has precisely one element if the 
inclusions are composable; otherwise, it is empty. 

We define a functor. Ha, from the category Oa to the category of C*- 
algebras by associating the C*-algebra Hom{a (B c,a (B cja^, to the inclusion 
Hom{a ®c,a® c)^^ — *■ Hom{a ©5©c, a©5© c)^^ . If i and j are composable 
inclusions, then the one morphism in the set Hom{i, j)o^ is mapped to the 
inclusion i itself. 

It is a well-known fact (see for example appendix L of [TB]) that the category 
of C*-algebras is closed under the formation of direct limits. The following 
definition therefore makes sense. 

Definition 4.4 Let ^ be a C*-category. Then we define the C*-algebra A^ to 
be the colimit of the functor Ha- 

By construction, the assignment A ^-^ A^ is a functor from the category 
of C* -categories and ^-functors to the category of C*-algebras. There is an 
obvious natural faithful ^-functor H: A^ -^ A^ . 

Proposition 4.5 Let A be a C* -algebra. Then the C* -algebra A^ is naturally 
isomorphic to the tensor product A(S) IC, where KL is the C* -algebra of compact 
operators on a separable Hilbert space. 

Proof: Let 0^ be the full subcategory of the category Oa in which the set of 
objects consists of all inclusions of the form 

X 




12 



Then the restriction of the functor Ha to the category O'^ has cohmit A®K, 
(see for example [18], appendix L). 

But the categories Oa and O^ are directed systems, and the category O^ 
is cofinal in the category Oa- The result now follows. D 



Corollary 4.6 Let A he a C* -category. Then the C* -algebras A" and {A")" 
are naturally isomorphic. 

Proof: By the above proposition, it suffices to show that the C*-algebra A^ 
is stable, that is to say there is a natural isomorphism A^ = A^ (8) /C. 

The tensor product A^ /C can be viewed as the direct limit of the sequence 
of matrix C*-algebras, Mn{A^), under the inclusions 

a; 


By the universal property of direct limits and definition of the C*-algebra 
A^ , the above C*-algebra is isomorphic to the the C*-algebra A^ , and we are 
done. □ 

The following result is easy to check. 

Proposition 4.7 Let A be a C* -category. Then we have natural isomorphisms 

{j:a)" = j:{a") (ja)" ^ j{a") {CAf ^ c{A") 

n 

Because of the above result, we will not worry about distinguishing between 
the C*-categories {Y,A)" and T:{A^), or between the C*-categories (JA)" and 
JiA"). 

5 The i^X-theory spectrum 

Recall that at the most basic level, a spectrum, E, is a sequence of topological 
spaces. En, each of which is equipped with a basepoint, together with continuous 
maps e: En -^ ilEn+i. The book [1] can be consulted for further details. 

Definition 5.1 Let A and B be C*-categories. Then we define F{A,B) to be 
the space of all *-functors A -^ B^ . This function space is equipped with the 
compact open topology. 

The above metric is well-defined, since any *-functor between C*-categories 
is norm-decreasing. 

Let ^ be a fixed C*-category. Then the assignment B i-^ F{A, B) is a covari- 
ant functor from the category of C*-categories and ^-functors to the category of 
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topological spaces with basepoint. Given a fixed C*-category B, the assignment 
A I— » F{A,B) is a contravariant functor from the category of C*-categories to 
the category of topological spaces with base-point. 
Let fc £ N. Define a C*-category J'^A by writing 

J°A = A J'^+M = JiJ'^A) 

using the functor J from section [21 

Consider a *-functor a: J'^A -^ B^ . Then by functoriality of the construc- 
tion B i-^ B^ and proposition 14. 71 we have a semi-split exact sequence 

^ Y.B" -^ CB" -^B" ^0 

Therefore, by proposition 13. 12l we have a functorial classifying map 

r]{a):j''+^A^^B" 

Definition 5.2 We define ]K]K(^, B) to be the spectrum with sequence of spaces 
{F{J^"A,T,''B)). The structure map 

e: F{J^"A, T."B) -^ nF{J^"+^A, T."+^B) ^ F{J^"+^A, T."+^B) 

is defined by applying the above classifying map construction twice, that is to 
say writing e{a) = ?/(?/(«)) whenever a G F{J^"A, I]"S). 

We would like to be able to define certain products at the level of spectra. 
In order to do this, we need to have some extra structure. 
The following definition conies from 0. 

Definition 5.3 A spectrum, E, is called a symmetric spectrum if each space 
En is equipped with an action of the symmetric group Sn, and the iterated 
structure map e*^: En — > ^^En+k is Sn x Sfc-equivariant in the obvious sense. 

Proposition 5.4 The spectrum MM^{A,B) is a symmetric spectrum. 

Proof: The C*-category S]"i3 can be viewed as the tensor product Co(0, 1) (8) 
••■(8)Co(0,l)(8)i3, where there are n copies of the C*- algebra Co(0, 1). There 
is therefore a canonical action of the permutation group Sn on the space 
(F(J2"^, Y,"B)) defined by permuting the copies of the C*-algebra Co(0, 1). 

By naturality of the classifying map construction, the iterated structure map 
e'=:F(j2"AS"B) -^ rj''-F( j2"+2'=^, E"+'=B) is Sn x S-fc-equivariant, and so we 
have a symmetric spectrum as required. □ 

Let E, F, and G be symmetric spectra, with spaces En, Fn, and G„ re- 
spectively. Then there is a notion of a smash product of symmetric spectra 
E A F. A collection of continuous basepoint-preserving Sm x S'n-equivariant 
maps E„i A Fn -^ Gm+n which commute with the structure maps of the spectra 
define a map of spectra E A F ^ G. 
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Proposition 5.5 Let A be a C* -category, and let k and I be natural numbers. 
Then there is a natural *-functor s: J^H^'A — > E' j'^^. 

Proof: The classifying map of the diagram 

T.A 

II 
-^ EJA -^ Y.TA -^ ^A ^ 

is a natural ^-functor JTiA -^ YiJA. The *-functor s is defined by iterating the 
above construction. □ 

The following definition now makes sense by proposition 14.71 and corollary 



Definition 5.6 Let A, B, and C be C*-categories. Let a G F( J^'^yt, E™B) and 
(3 G F{J^^B, E"C). Then we define the product att/3 to be the composition 

j2m+2n a '^ J^ j2n-ymK2H J\ y^7n j2nr2H R ypm+n f /nH\H\ n^ \^ra+n^nH\ 

Theorem 5.7 Let A, B, and C be C* -categories. Then there is a natural map 
of spectra 

KK{A, B) A KK{B, C) -^ KK{A, C) 

defined by the formula 

aA(3>^afif3 a <E F{J"'A,B), (3 e F{J"B,C) 

Further, the above product is associative. To be precise, let a G F{J"^A,B), 
PeF{J"B,C), and-feF{JPC,V). T/ien (att/?)tt7 = atl(/?h)- 

Proof: Our construction gives us a natural continuous S„i x S'„-equivariant 
map i^( J2"M, E'"S) AF[J^'^B,Y/^C) -^ i^(j2™+2"^, S™+"C). Compatibility 
with the structure maps follows since naturality of the classifying map construc- 
tion gives us a commutative diagram 

j2m+2n+2A •^"_^(") j2n+2jymnH J^ y7nj2n+2nH ^'^V_{l^ ) y^m+n+2nH 

" .„ . i i ^^^ II 

j2m+2n+2/[ ■^ "^(") j2nj^m+2^i/ J^ Y,m+2 j2n ^H S^^^^e Y™.-\-n+2QH 

where the non-trivial vertical maps come from iterating the classifying map of 
the diagram 

B" 

^ Y.B" -^ CB" -^ B" ^ 

We now need to check the statement concerning associativity. Consider *- 
functors 

a: .f'^A -^ S"S^ (3: j'^'^B -^ E"C^ 7: j'^^C -^ YFV" 
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Then we have a commutative diagram 

j2m+2n+2p A __ j2m+2n+2p A 

i i 

j2n-\-2lY'rnr2H j2n-\-2p-y7nr2H 



j2pj^mj27ij^H 


A Y,mj2n+2p^H 


i 
j2pj^m+nQH 


i 


i 
^m+nj2pq-,H 


i 

_ Y^m+nj2pq-)H 


i 
Y^m+n+pq-)H 


i 
_ Y^m+n+pq-)H 



But the column on the left is the product (ajJ/3)jJ7 and the column on the 
right is the product att(/3tt7) so associativity of the product follows. □ 

By definition of our product, the following result holds. 

Proposition 5.8 Let a: A —^ B and (3:3 ^r C he* -functors. Then a'if3 = (3oa. 
D 

Proposition 5.9 Let A, B, and C he C* -categories. Then there is a map 
A:K.K{A,B) -^ KK(^ (g) C, S (g) C). This map is compatihle with the product 
in the sense that we have a commutative diagram 

WK.{A,B)hWK{B,C) -^ KK{A,C) 

i I 

KK{A®V,BCS'V) AKK{B(»V,C(g)V) -^ IK]K(^ P, C « P) 

where the horizontal maps are defined hy the product, and the vertical maps are 
copies of the map A. 

Proof: Let a: J'^'^A -^ T,''3" be a *-functor. Then, since J:B" = Co(0, 1) (g) 
B", we have a naturally induced *-functor a (g) 1: (J^'M) C ^ T,"{B" C). 

There is an obvious natural H<-functor f3: B^ ® C -^ {B (E) C)^ . By corollary 
I3.10[ there is a short exact sequence 

-^ {J A) ® C ^ (TA) ®C ^ A®C ^0 

with a completely positive splitting. Wc thus obtain a natural *-functor 7: J[A(S' 
C) -^ {J A) 0) C as the classifying map of the diagram 

A(»C 

II 
-> {JA)(g)C -^ {TA)®C -^ A(g)C -^ 

We now define the map A by writing A (a) = /3 o (a 1) o 7". Compatibility 
with the product is easy to check. D 
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6 Ring and Module Structure 

A symmetric monoidal category is a category with a sensible idea of a product 
of objects, A, along with a unit object e equipped with isomorphisms eAX —> X 
and X Ae ^' X for any object X in the category. Any standard book on category 
theory, for example [TT], can be consulted for further details. It is proven in [S] 
that the category of symmetric spectra is a symmetric monoidal category. The 
product is the smash product of spectra. The unit is the sequence of spaces 

e=(5",*,*,...) 

where * is the one point topological space, and S^ is the disjoint union of two 
points. By definition of the smash product in the category of symmetric spectra, 
there is a unique natural isomorphism between the objects e A E, E A e, and E 
for any spectrum E. 

Definition 6.1 A symmetric ring spectrum, is a monoid in the category of sym- 
metric spectra. 

To be more precise, a symmetric spectrum R is called a symmetric ring 
spectrum if it is equipped with an associative product fi: R A R ^f R and a unit 
map rj:e ^> R such that we have a commutative diagram 

CAR n^ RAR 'A" RAe 

R ^ R ^ R 

Here the central vertical map is the product fi. The vertical maps on the 
left and right are the isomorphisms associated with the unit e. 

Theorem 6.2 Let A be a C* -category. Then the spectrum KIK(^, ^) is a sym- 
metric ring spectrum. 

Proof: By theorem 15.71 we have an associative product 

li: KK{A, A) A KK{A, A) -^ KK{A, A) 

Recall that the unit, e, is the sequence of spaces (S'°,7kr, •, . . .). Thus there 
is only one point in the 0-th space that is not a basepoint. We can define a 
unit map tj: e —^ WK^A, A) by mapping the base point of the n-th space of the 
spectrum e to the base point of the n-th space of the spectrum KIK(^, A), and 
mapping the point in S'^ which is not a basepoint to the point in the space 
F{A, A) arising from the identity *-functor 1: A ^ A. 

Commutativity of the diagram involving the unit follows from proposition 

The following definition comes from applying a definition for symmetric 
monoidal categories to the category of symmetric spectra. 
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Definition 6.3 Let i? be a symmetric ring spectrum equipped witli multipli- 
cation /i. Then a symmetric spectrum M is called a symmetric {left) R-module 
spectrum if it comes equipped with a multiplication n'-.R AM — > M such that 
we have a commutative diagram 

RARAM ^-^^ RA M 
I ^ i 

RAM ^ M 

Here the vertical map on the left is the product 1 A /i' and the vertical map 
on the right is the product jj,' . 

Theorem 6.4 Let A and B be C* -categories. Then the spectrum KK(^, S) is 
a symmetric WK{¥ ,¥) -module spectrum. 

Proof: By theorem 15.71 and proposition 15.91 we can define a suitable product 

KK(F, F) A WK.{A, B) "H^ WK{A, A) A WK{A, B) A WK{A, B) 

D 



7 The Equivariant Case 

Let 5 be a discrete groupoid. We will regard 5 as a small category in which every 
morphism is invertible. Taking this point of view, we define a Q-algehra to be 
a functor from the category Q to the category of algebras and homomorphisms. 
Similarly (see [IS]) a 5-C*-algebra is a functor from the category Q to the 
category of C*-algebras and ^-homomorphisms. 

Thus, if ^ is a 5-C*-algebra, then for each object a G Ob{Q) we have a C*- 
algebra A{a). A morphism g G Hom{a, b)g induces a homomorphism g: A{a) — > 
A{h). 

We can regard an ordinary C*-algebra C as a tJ-C*- algebra by writing 
C{a) = C for each object a G Ob{Q) and saying that each morphism in the 
groupoid Q acts as the identity map. 

A Q -equivariant map (or more simply equivariant map, when we do not need 
to emphasize the groupoid G) between t/-C'*-algebras A and i? is a natural 
transformation from the functor A to the functor B. We can similarly talk 
about equivariant completely positive maps. 

A short exact sequence of 5-C*-algebras is a sequence of 5-C*-algebras and 
equivariant maps 



A^B^C 



such that the sequence 



^ A{a) ^ B{a) ^ Cia) -^ 
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is exact for each object a G Ob{Q). A splitting of a short exact sequence is 
defined in the obvious way, as is a completely positive splitting. As before, we 
refer to split exact sequences and semi-split exact sequences respectively. 

To define such a KK-theoiy spectrum for 5-C*-algebras, we need variations 
of the various constructions defined earlier for C*-categories. 

Definition 7.1 Let Q he a, discrete groupoid, and let A be a Q-C* -algebra.. 
Then we define A[0, 1] to be the Q-C*-a\gehia where the algebra A[0, l]{a) con- 
sists of all continuous functions /: [0, 1] -^ HomA{a). The ^-action is defined 
by the formula 

giim - g{.f{t)) 9 e Hom{a,b)g, /: [0, 1] ^ A(a), t G [0, f] 

We define the cone, CA to be the Q-C*-a\ge\yia where 

CA{a) = {/ e A[0, f ] (a) | /(O) ^0} a e Ob{g) 

and the ^-action is as defined above. The suspension, Y,A is defined similarly 
by writing 

SA(a) = {/ e CA{a) \ /(I) = 0} a £ Ob{g) 

There is an obvious natural cquivariant map i: Y,A -^ CA defined by in- 
clusion. There is also an equivariant map j'.CA — > A, defined by the formula 
j{f) — /(I), where / £ CA{a). It is easy to check that we have a short exact 
sequence 

q^i:a->ca^a->q 

The above exact sequence has a natural completely positive splitting s: A -^ 
CA defined by the formula 

s{x){t)^tx t e [0, 1], a; G A(a) 

Definition 7.2 Let A and B be 5-C*-algebras. Then we define the tensor 
product A® B to he the 5-C*-algebra where [A® B){a) — A{a) ®B{a), and the 
^/-action is defined by writing g{x ®y) = g{x) Cg) g{y) whenever g e Hom{a, b)g, 
X G A{a), and y G B{a). 

We define the algebraic tensor product A i? to be the tj-algebra where 
{A B){a) — A{a) B{a), and the ^/-action is defined as above. 

We define the direct sum ^4 ® i? to be the 5-C*-algebra where [A © B){a) 
is the direct sum A{a) © B{a) for each object a G Ob{Q) and the ^/-action is 
defined by writing g{x (By) = g{x) ffi g(y) whenever g G Hom{a, b)g, x G A(a), 
and y G B{a). 

The above tensor product of C*-algebras can be assumed to be the spatial 
tensor product. 
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Definition 7.3 Let ^ be a ^-C*-algebra. Then we define A®'^ to be the alge- 
braic tensor product of ^ with itself k times. We define the equivariant algebraic 
tensor algebra, Taig^i to be the completion of the iterated direct sum 

Multiplication in the algebra T^igA is given by concatenation of tensors. 

We have a canonical set of linear maps a: A —^ TaigA defined by mapping 
each element of the algebra A onto the first summand. The following result is 
easy to check. 

Proposition 7.4 The equivariant tensor algebra, T^^igA, can be equipped with 
a C* -norm given by defining the norm, \\u\\, of an element u in the equivariant 
tensor algebra to be the supremum of all values p{ip{u)) where Lp'.Tf^igA — > B 
is an equivariant completely positive map into a Q-C* -algebra B such that the 
composition ip o a: A ^ B is completely positive and norm- decreasing, and p is 
a C* -seniinorm on the C* -algebra B. D 

We define the equivariant tensor C* -algeba, TA, to be the completion of the 
equivariant tensor algebra T^igA with respect to the above norm. Formation 
of the equivariant tensor algebra defines a functor from the category of Q-C*- 
algebras and equivariant maps to itself. Further, just as we showed in the 
non-equivariant case, we have a universal property. 

Proposition 7.5 Let A and B be Q-C* -algebras. Let a: A ^ B be a completely 
positive equivariant map. Then there is a unique equivariant map ip: TA —> B 
such that a — (fi o a. □ 

There is a natural equivariant map vr: TA —^ A defined by the formula 

(p{xi (g) • ■ • ® Xn) = a;„ . . . xi Xi e A{a), a £ Ob{Q) 

We can thus define a ^-C*-algebra J A by writing 

JA{a) = kcrTr: TA(a) -^ A{a) 

for each object a £ Ob{Q). The ^/-action is inherited from the equivariant tensor 
algebra. There is a natural semi-split short exact sequence 

0-^ JA'^TA^ A^Q 

with completely positive splitting cr: yl — > TA. The following result is proved in 
the same way as proposition 13 . 1 2l 

Proposition 7.6 Let 

0^ I ^ E ^ B ^0 
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be a semi-split exact sequence of Q -C* -algebras. Let a: A ^ B be an equivariant 
map. Then there are equivariant maps r: TA — > E and 7: J A —^ I such that we 
have a commutative diagram 

- 



TA - 


-> TA - 


-. A - 


^ 


i 


i 


i 




I - 


-^ E - 


^ B - 


^ 



D 

Definition 7.7 The homoniorphism 7 is called the classifying map of the dia- 
gram 

A 

i 
O^I^E^B^O 

Definition 7.8 Let A and B be ^-C*- algebras. Then we define Fg{A,B) to 
be the space of all equivariant maps A — » i? ® /C. The topology on this function 
space is the compact open topology. 

The above metric is well-defined, since any *-homomorphism between C*- 
algebras is norm-decreasing. 

Consider an equivariant map a £ Fg[J^ A^B). Then we can check (for 
example, by looking at matrices and then taking direct limits) that we have a 
semi-split exact sequence 

Q~^Y.B®K,-^CB®K.-^B®1C^Q 

and so, by proposition 17.61 a classifying map 

r^ia): J^+^ A ^ Y.B ® K 

Definition 7.9 We define KKg(A,_B) to be the symmetric spectrum with se- 
quence of spaces (i^g;(J^"j4, E"i?)) with 5„-action defined by permuting the 
order in which the suspensions are made. The classifying map 

e: i^g(j2"A, I]"B) -» VLFg{j'^''+'^ A, ^"+^B) = Fg{J^"+^A, ^"+^B) 

is defined by applying the above classifying map construction twice, that is to 
say writing e{a) = ?/(?y(a)) whenever a e Fg{J^"A, T:"B). 

Just as in proposition 15. 51 for any ^-C*-algebra A, there is a natural equiv- 
ariant map s: j''T}A -^ Y}j^A. 

Definition 7.10 Let A, B, and C be a-C*-algebras. Let a G Fg{j'^''^A,Yr'B) 
and (3 & Fg{J^'^B, E"C). Then we define the product aji/S to be the composition 
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The following result is proved in exactly the same way as theorem 15.71 

Theorem 7.11 Let A, B, and C be Q-C* -algebras. Then there is a natural 
map of spectra 

KKgiA,B) AKKgiB,C) ^KKg{A,C) 

defined by the formula 

a A /? H^ aji/3 a e F"( J™A, B), /? e F°{.rB, C) 

Further, the above product is associative. To be precise, let a e Fg{J™-A, B), 
13 G Fg{.rB,C), and 7 G Fg{JPC,D). Then (att/3)tt7 = ajK/^h)- □ 

As before, the following result is obvious. 
Proposition 7.12 Let a: A ^ B and I3:B ^ C be equivariant maps. Then 



The following result is proved in exactly the same way as theorems 16.21 and 
[631 



Theorem 7.13 Let Q be a discrete groupoid, and let Abe a Q-C* -algebra. Then 
the spectrum IKKg {A, A) is a symmetric ring spectrum. 

Let B be another Q-C* -algebra. Then the spectrum, IKKg(j4, B) is a symmet- 
ric 'KKg{¥,¥) -module spectrum. □ 

Let 9:Q — > H be a functor between groupoids, and let A be an 7i-C*- 
algebra. Abusing notation, we can also regard A as a ^-C*- algebra; we write 
A{a) — A{9{a)) for each object a G Ob{Q), and define a homomorphism g = 
9{g):A{9{a)) — > A{9{b)) for each morphism g G Hom{a,b)g. 

If A and B are 7i-C*-algebras, then we have an induced map 9* : F-h {A, B) -^ 
Fg{A, B) defined by the observation that any 7i-equivariant map between A and 
B®K, IS also t/-equi variant. This induced map is natural in the variables A and 
B. Going slightly further, we have the following easy to check result. 

Proposition 7.14 Let 9:Q ^Ti be a functor between groupoids, and let A and 
B be Ti-C* -algebras. Then there is an induced map of spectra 9*: IKK>^(A, B) — > 
KIKg;(A, _B). This induced map is compatible with the product in the sense that 
we have a commutative diagram 

KKniA,B) AKKniB,C) -^ KKniA,C) 

i i 

KKg{A,B) AKKg{B,C) -^ KKg{A,C) 

where the horizontal map is defined by the product and the vertical maps are 
restriction maps. □ 

The above map /* is called the restriction map. 
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8 Descent 

Apart from the last theorem, the definitions and results in this section come 
from \W\ . 

Let Q he a discrete groupoid, and let A be a 5-C*-algebra. Then we define 
the convolution algehroid AQ to be the algebroid with the same set of objects 
as the groupoid Q, and morphism sets 

m 

Hom{a,b)Ag = {2.Xigi \ Xi £ A{b),gi e Hom{a,b)g, m e N} 

1=1 

Composition of morphisms is defined by the formula 

n \ 7n,n 

Further, we have an involution 

(ra \ * m 

1=1 / i=l 

Recall that we write C to denote the category of all Hilbert spaces and 
bounded linear maps. We write C{H) to denote the C*-algebra of all bounded 
linear maps on a Hilbert space H . 

Definition 8.1 Let ty be a discrete groupoid. Then a unitary representation of 
5 is a functor p:Q —> C such that p{g~^) = pig)* for each morphism g in the 
groupoid Q. 

Let A be a ^-C*-algebra. Then a covariant representation of A is a pair 
{p-,ir), where p is a unitary representation of the groupoid Q, and tt is a set of 
representations TT:A{a) -^ C{p{a)), where a £ Ob{Q), such that 

p{g)TT{x) = n{gx)p{g) 

for each element x G A{a) and morphism g g Hom(a, b)g 

Given a covariant representation [p, tt), we have a C*-functor (p, 7r)»: AQ — > 
C defined by mapping the object a e Ob{Q) to the Hilbert space p{a), 
and the morphism X^iHi ^i9i ^ Hom{a, b)Ag to the bounded linear map 

E" 1 T^iXr)p{gr)- P{a) -^ p{b). 

A proof of the following result can be found in [TB] . 

Proposition 8.2 Let A he a Q-C* -algebra. Then any C* -functor AQ -^ L 
takes the form (p, tt)* for some covariant representation (p, tt). D 
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Let A be a 5-C'*-algebra. Fix an object a G Ob{Q), and choose a representa- 
tion a:A{a) — > J0.{H) on some Hilbert space H. For each object b G Ob{Q), let 
P{a,b) be the Hilbert space consisting of all sequences {'rjg)geHom(a.b)g in the 
space H such that the series ^g^Hom(a b)c ll%ll^ converges. 

We can define a unitary representation of the groupoid G by mapping the 
object b S Ob{Q) to the Hilbert space P{a, b), and the morphism g e Hom{b, c)g 
to the opertator p{g): P{a, b) -^ l'^{a, c) defined by translation. 

There are corresponding representations tt: A{b) -^ C{P{a,b)) defined by 
writing 

T^{x){{Vg)geHom{a,b)g) = {a{9^^ {x))Vg) geHom(a.b)g 

It is straightforward to verify that the pair (p, tt) is a covariant representation 
of A. 

Definition 8.3 A covariant representation of the type described above is called 
a regular representation. 

It is shown in [16 that we can define C*-norms || — Umax and || — \\r on the 
algebroid AQ by writing 

ll/illmax — sup{(/9, 7r),(/i) | (p, tt) is & covariant representation of A } 

and 

||/i||r — sup{(p, 7r),(/i) I (p, tt) is a regular representation of A } 

respectively for any morphism fi in the category AQ. 

Definition 8.4 The full crossed product, A yt Q is the C*-category defined by 
completion of the algebroid AQ with respect to the norm || — ||max- 

The reduced crossed product, AyirQ is the C*-category defined by completion 
of the algebroid AQ with respect to the norm || — jj^. 

As a special case of the above construction, for any groupoid Q, we can 
define (see [S] and [13]) the full and reduced C*-categories C*Q — C >i Q and 
C*Q = C xirQ respectively. 

Let Q he a groupoid, and let a: A —* B he an equivariant map between Q- 
C*-algebras. Then we have an induced C*-functor a*: AQ — ^ BQ defined to be 
the identity on the set of objects, and by the formula 

Cm \ rn 

y^ Xigi = ^ a{xi)gi Xi e A{b), gi e Hom{a, b)g 
1=1 / i=l 

on morphism sets. This functor is continuous with respect to either norm. 

Let f:Q ^ Hhe a functor between groupoids, and let A be a H-C* -algebra. 
Then we have an induced C*-functor f^,:AQ -^ AH defined to be the functor / 
on the set of objects, and by the formula 

Xifigt) Xi e A{b), gi e Hom{a,b)g 
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on morphism sets. 

This functor is continuous with respect to the norm || — ||max, and continuous 
with respect to the norm || — \\r if the functor is faithful. We thus have the 
following result. 

Proposition 8.5 Let Q be a groupoid. Then the assignments A i-^ A yir G and 
A i-* A >^ Q are functors from the category of Q-C* -algebras and equivariant 
maps to the category of C* -categories and C* -functors. 

Let f'-Q-^Ti, be a functor between groupoids, and let A be an H-C* -algebra. 
Then we have a functorially induced C* -functor f^: AyiQ — » AxTi. If the functor 
f is faithful, then we also have a functorially induced C* -functor f^: A yt^ G —^ 
AxirH. □ 

Theorem 8.6 Let Q be a groupoid, and let A and B be Q-C* -algebras. Then 
there are maps 

D: KKg{A, B) -^ KK(A >ig,B>ig) Dr. KKg(A, B) -^ KK(A -ArQ.B-ArG) 

which compatible with the product in the sense that we have commutative dia- 
grams 

WK.g{A,B)AWK.g{B,C) -^ KK{A,C) 

i i 

KK{AyiG,ByiG)h^^{BxiG,C yiG) -^ KK{Ayi G,C yi G) 

and 

KKg(A,B)^KKg{B,C) -^ WK.{A,C) 

i i 

m^{A yi r G ■, B -A r G) f\^^{B -A rG.,C -XirG) ^ KK(A XI ^ ^, C >^ r 0) 

where the horizontal maps are defined by the product, and the vertical maps are 
copies of the map D or D^ respectively. 

Proof: As in theorem 13. 6[ we can show that we have a semi-split exact 
sequence 

-^ {J A) XrG ^ (TA) XlrG"^ AxirG ^0 

We therefore have a natural C*-functor 7: J{A yir G) -^ (J^) ^r G defined 
as the classifying map of the diagram 

AyirG 
II 
-^ {JA)yirG -^ {TA)->4rG -^ A>irG -^ 

Viewing the suspension of a C7-C'*-algebra or C*-category as the ten- 
sor product with the C*-algebra Co(0,l), there is an obvious C*-functor 
p: (T,"B ® IC)G -^ T.^'iB y>r G) JC. 
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Let C be any C*-category. Then the tensor product C (Si K. is a direct hmit 
of C*-categories of matrices with elements the morphisms of the category C. It 
follows that we have a natural homomorphism (5:C ® /C -^ C^ . 

Let a: ,P^A -^ YT^B ® K, he axi equivariant map. Then by the above 
proposition we have a functorially induced homomorphism a*: (J^"yl) x,. 5 ^ 
(E"B ®K,)yirG- We can define a map D: KKg[A, B) -^ KK{A yi^ Q,B yirQ) 
by writing D[a) = (S o /3 o a* o 7". The relevant naturality properties are easy 
to check. 

The argument for the result when considering the maximal crossed product, 
><max, is identical to the above. □ 



Corollary 8.7 Let Q he a discrete groupoid, and let A and B be Q-C* -algebras. 
Then the spectra KK(A xi^ G^B xi^ G) and KK(yl y\ G,B >^ G) are symmetric 
'KKg(¥,F) -module spectra. □ 

9 Comparison with C*-algebra i^-theory 

The spectra defined in this article are based on the spaces used to construct 
i^isT-theory groups in the articles [31 |2l [3] . The fact that our spectra can be 
used to define the usual Kasparov KK-theory for C*-algebras is therefore no 
surprise. To be specific, the following result holds. 

Theorem 9.1 Let A and B be C* -algebras. Then the stable homotopy group 
7r„KK(A, B) is naturally isomorphic to the group KK~^{A, B). IfC is another 
C* -algebra, the smash product of spectra 

KK{A, B) A ]K]K(B, C) -> KK{A, C) 

induces the Kasparov product. 

Proof: By proposition 14. 5i the fc-th space of the spectrum KK(A, B) is the 
spaces of all *-homomorphisms J^^ A -^ Yj^ B ® K.. Let [C, D] denote the set of 
homomotopy classes of ^-homomorphisms between C*-algebras C and D. Then 
for all p eN, TTp[C, D] = [C, T,pD], and the stable homotopy group 7r„KK(A, B) 
is thus the direct limit 

lim [J2"+2'=A, T.^'+'^B (E) JC] 

k — 'oc 

The result now follows by proposition 3.1 in [3]. □ 

A similar result also holds in the equivariant case, and also follows from the 
arguments of 3J. To be precise, we have the following. 



26 



Theorem 9.2 Let G be a discrete group, and let A and B be G-C* -algebras. 
Then the stable homotopy group irnKKci^, B) is naturally isomorphic to the 
group KKq^{A, B). IfG is another G-C* -algebra, the smash product of spectra 

KKg{A, B) a IK]Kg(B, C) -^ KKg{A, C) 

induces the Kasparov product. □ 

In order to apply the above two theorems to spectra for C*-categories and 
groupoid C*-algebras, we need further comparison results. 

Definition 9.3 Let A and B be unital C*-categories. Two *-functors a,j3: A~* 
B are termed equivalent if there are elements Ua G Hom{a{a), (3{a))i3 for each 
object a G Ob{A) such that: 

• u^Ua — la{a) and UqW* — l/3(a) for all objects a G Ob{A). 

• Let X G Hom{a,b)^. Then f3{x)Ua — UhOi{x). 

Two unital C*-categories A and B are called equivalent if there is are *- 
functors a: A ^ B and (3: A ^ B such that the compositions a o [3 and [3 o a 
are equivalent to identity *-functors. 

Lemma 9.4 Let a, f3: A —^ B be equivalent *-functors. Then a and (3 lie in the 
same path- component of the space F{A, B). 

Proof: In the space F{A,B), the *-functors a and (3 are the same as the 
*-functors a' : A ^ B(q and /3': A ^ B^ defined by writing 

a'{a) = a{a) © /3(a), /3'{a) = a{a) © /3(a) a G Ob{A) 

and 

»'(.) - ( r : ) «^-) - ( : ,u 

where x G Hom{a, b)^. 

Since the *-functors a and (3 are equivalent, we can find morphisms ?!„ G 
Hom{a{a), j3{a))B for each object a G Ob{A) such that u*Ua = ^a{a), WqU* = 
l^(a), and P{x)ua = Uba{x) for all x G Hom{a,b)^. 

Let t G [0,7r/2]. Define 

/,N / COS 6 u*sm9 \ ,, / / n r,^ w , r„ ""i 

rait) = ^ _^^^^^ cose JGi/om(a(a)©/3(a)). i G [0, -] 

Then we have a path of *-functors. Ft: A -^ Bf^, from a' to /3', defined by 
the formula 

Ftia) = a(a) ©/3(a) Ft{x) = rfc(i) (" "[j") [j ") r„(t)* 

where a; G Hom[a, 6)_4. □ 
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Theorem 9.5 Let A and A' be equivalent C* -categories. Let B be another C*- 
category. Then the spectra KM.{A, B) and KK(yl',6) are homotopy-equivalent, 
and the spectra 'KK{B,A) and IKK(B,^') are homotopy-equivalent. 

Proof: Since the C*-categories A and A' are equivalent, by the above lemma 
we can find elements a G F{A,A') and /? G F{A',A) along with a path jt G 
F{A, A) such that 70 = /3 o a and 71 is the identity. 
There are thus induced maps 

att: KK{A, B) -^ KK{A' , B) /JjJ: WK.{A! , B) -^ WK{A, B) 

defined by the product with the elements a and /3 respectively such that the 
map 7(tt: IK]K(^, B) -^ ¥X.{A^ B) is a homotopy between the composite a' o a 
and the identity map. 

Similarly, the composite j3 o a is homotopic to the identity map. It follows 
that the spectra KK(^, B) and KK(^',B) arc homotopy-equivalent, and we 
have proved the first of the statements in the theorem. 

The proof of the second statement in the theorem is almost identical. D 



The above result along with theorem 19. 21 can be used to prove certain formal 
properties involving the i^ if -theory of C*-categories that are equivalent to C*- 
algebras, which covers most examples found in geometric applications. 

Theorem 9.6 Let 9:Q —>■ Ti. be an equivalence of discrete groupoids. Let A 
and B be unital TL-C* -algebras. Then the restriction map 0* ; KK-^ ( A, B) — > 
'KK.g{A^ B) is a homeomorphism of spectra. 

Proof: Since the functor 6 is an equivalence, there is a functor (f):Ti ^ G along 
with natural isomorphisms G: (f> o 0: \g and H:d o (p-.l-j-i. 

Thus, for each object a G Ob{G), there is a morphism Ga G Honi{(j)6{a), a)g. 
Let a: A — > i? (g) /C be an Ti-equivariant map. Then the map a can be defined 
in terms of the restriction (j)*0*a: A ^ B ® fC hy the formula 

a{x) = (j)*e*a{H{a)-'^xH{a)) a G Ob{A) 

Thus the equivariant map a is determined by the restriction (j)*6*a. The 
natural homomorphism H therefore induces a homeomorphism of spectra 
H^:KKh[A,B) -^KKh{A,B) such that 7J,o0* 06** = 1kk„(a,b)- There is sim- 
ilarly a homeomorphism G^:KKg{A, B) -^ KKg{A, B) such that G, o 0* o 0* = 

lKKe(A,S)- 

It follows that the map 9* is a homeomorphism, and we are done. □ 
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